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The behavior of a nuclear spin-1 system with the Hamiltonian including: a) the interaction of the 
electric quadrupole moment of nuclei with the axial gradient of the crystal electric field; b) a 
homonuclear and heteronuclear dipole-dipole coupling; and c) the interaction with a multiple pulse 
radiofrequency field of arbitrary orientation was considered. The effective Hamiltonian is con­
structed by using the Floquet theory. The secular parts of the homonuclear and heteronuclear 
dipole-dipole interaction was found and the quasi-equilibrium magnetization was calculated.
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1. Introduction

To obtain  the high resolution N M R  or N Q R  spec­
tra  and  to  study slow m olecular m otions in solids, 
various experim ental techniques have been developed, 
m any of which utilize m ultiple-pulse radio-frequency 
(r.f.) fields [1,2]. Various theoretical m ethods have 
been used to explain the behavior of a nuclear spin 
under m ultiple-pulse irradiation.

Recently, the m ultiple-pulse irrad ia tion  has been 
applied to  a polycrystalline sample containing spin-1 
nuclei in the axial electric field gradient (EFG) to  ob­
serve the long tim e evolution of the spin system [3]. 
But the m ultiple-pulse spin-locking state was not ob­
served in the experim ent, which is ra ther surprising.

To explain this situation, we generalize in the pres­
ent paper, the earlier theoretical consideration [4] to 
the case of the spin I  =  1 system in an axially symm et­
ric E FG .

2. Hamiltonian of the System

Let us consider a crystalline sample containing 
spin-1 nuclei and irradiated  by the multiple-pulse 
spin-locking sequence [1 -3 ]. The to ta l H am iltonian 
of the spin system at times t <£ (the spin lattice
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relaxation time) is given by

J f ( 0 = ^ ö +  ^ dd +  ^ r.f.(0 , (1)

where

= 1 . ^ - 0 (2)

represents in the quadrupole principal axes frame the 
interaction of the I -spins quadrupole m om ent w ith 
the axially symm etric E FG , and the sum is over all 
spins of an /  species.

dd~ SS '  *^JJ ' ^  IS w j

is the dipole-dipole interaction  between S — S, I  —I, 
and I  — S  spins. J f r f (t) defines the interaction  between 
only I  spins and  the m ultiple-pulse r.f. m agnetic field

(0 =  Z  (*) a ' 17 cos (o>t + <l>), (4)
j

where 0  =  0 and <yx (r) =  a 0 Ö (r) for the prepara to ry  
pulse and 0  =  n /2  and  cox (f) =  a  X ® =0 Ö (t — (x + tc) 
for the rem aining pulses, cc = y H l tw, H x and tw are 
am plitude and pulse duration  of the r.f. pulses. 
a =  {cos0L s in 0L, s in 0L s in 0L, c o s0L}is the unit vec­
to r directed along the r.f. coil axis. H enceforth the 
units of y, the gyrom agnetic ratio, and  eQ q/4 ,  the 
quadrupole coupling constant, are defined so tha t 
h = 1, and energy is expressed in radians/sec.

Using the projection operators eJmn for the spins /  
and p l n for spins S = 1/2 defined by their m atrix ele­
ments < m \ e Jm.„.\n> = ö mm.önn. and < n l p ^ v \r\ > =
<>nn’ ^nn' m’ n = 0’ — 1 an<* *7 =  — \  an(* com m u‘ 
ta to r correlation [e]mn, p£„] =  0, the following expres-
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sions of all operators included in (r) may be ob­
tained:

4 = T Z ( « i i - 2 4  +  a  l s - 1 ,  (5)
* j

J ? S S  =  Z  Z  (6)
jfc ß tin 'r i '

& U  = Z  y2 Ok3 («i i -  <?{ i) («i i -  i)

^ ^ [ ( ^ o  +  ^ K ^  +  efo)

+ (^ o i+  e io) (e io +  e io)l
+  V/2C jk[ ( ^ i - e i i )(e5o +  eoi)

+  (Wo +  ^ i ) ( ^ i - ^ i ) ]  where
+  \ / 2 ^ t [ ( e i i — e ii) (^ io  +  e io)

+  ( « o i  +  H o) ( « i i - « i i )]

+  2 -£}fc (^10 +  1) (^io +  ^oi)

+  2 (^oi "I” e io) (eoi +  e Io)} > (7)

# i s  = Z  V/ 7s -̂fc3 {I 1 -  e{i) (/>** “ /> -* -* )

+  n /2  ^A5 [(W o +  ?o i ) P -  * i  +  K  i +  e{ o) p \  -  *]

+  y / i  (e{ o +  ^  i) (pkH  ~ />k- w )]
+ 2Djks [(eh -  e h )  p k_H  

+  >/ 2 (e*1_+*{0) (/>**-/>-*-*)] 
+  sfi-Ejk (e 10 +  eo i ) p l - i

+ ̂ ^ S (eJ0l + e i 0) p k. i i )} ,  (8) 

^ ’r.f.(0 =  y 2 co1(0 s in 0L Z  { (^o  +  « o i) « " 'fe 
j

+ (eJ01 + e i 0) e i+- (9)

+  ^  cos 0L (e{! — <?| i)} cos (co r +  0 ),

where co0 is the N Q R  frequency, „>„• are the m atrix 
elements of the d ipole-dipole H am iltonian  ^ s s ,

A ;k =  l - 3 c o s 20,.fc,

ß jk =  - | ( l - 3 c o s 20Jk), 
Cj k =D* = - 1 sin 20; *

Eik = FiX =  -  !  sin2 0ik e '''f2 ̂ , (10)

9jk and (f)Jk are spherical coordinates of the distance rjk 
connecting j  and k spins.

The dynam ics of the spin system will be handled by 
the von N eum ann equation

i =  W  (0 . Q (01 • at
(11)

To solve (11) it proves profitable to  carry out the 
unitary transform ation of all operators used by means 
of the operator Q (t) =  exp (i stf t) with

co .
- j Z ( e { i - 2 e J00 + eJu ). (12)

Inserting g(t) = Q + (t) £>(t)Q(t) into (11) and om iting 
the terms which oscillate rapidly w ith frequencies co 
and 2 co we obtain

do (t) 
a t

(t) =  j  +  $ äi +  J f r f (t),

(1 3 )

(14)

- r Z i e i i - Z e i o  + e i i ) ,  A = co 0 - c o .  
3 j

^  d d  ~  ^ S S  >" ^ I S  ' ^ 1 1  ’

* n °  = Z y2 oi3 (4* M 1 -  Wi) (e{ 1 -  A  i)
+  2 -ßjk (e{0 e ^  +

+  «?ol *10 +  ^ 0*01)

+  2 £ jt (W0 *01 +  0̂1 *10)
+ 2Fjk (eJ01e \ 0 ek0l + e{0 e k0l)},

(1 5 )

(16)

(17)

& !s  =  Z  7 /7s Ok3 (*11 -  e i l )  {2 AJk ( P i i  - P - i - i)  
jk
+ Cjts p ii - i  + Dl‘ts p ’Li i },  (18)

•^r.f.W  =  \  2a0 S>n0L Z  [«“ ‘*‘•(<’10+  >’0l)
J

+  e 101- ( e ^  +  e |0)] for the first pulse, (19) 

# r.(. (0  =  / y 2 cOi(0  sinöL X  +  efo)
j

+ e ~ l<t>L (eJ0i ~  e{0)] for o ther pulses. (20)

The operators i f / J c and ^ / | c represent the secular 
parts of the hom onuclear and heteronuclear dipole- 
dipole interaction H am iltonians, respectively,

[ # Q, # n c\ = \ # Q , # i i c\ = 0 . (2 i)

3. Effective Hamiltonian

The spin system is assum ed to  be a t equilibrium  
before the preparatory  pulse. The action of the peri­
odic r.f. field pulses on a spin system consists of the
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prepara to ry  pulse tak ing  the spin system out of equi­
librium  and  the m ultiple-pulse sequence. The state resented as 
opera to r g+ (0), im m ediately after the end of the action 
of the p repara to ry  pulse forms the initial condition for JJ0 (tc) =  exp 
(13) [5] which describes the evolution of the spin sys­
tem under the influence of the m ultiple-pulse periodic 
action.

Equation  (13) has the formal solution

D uring the time tc of the period, U0(tc) can be rep-

~ i ~ r  yL ( e { i - ' l e Jo o + e  
6 j •-]

e x p < -
i j l  j

e ( ‘) = U (t)Q + (0)u+ (t) ,  

where U  (t) is the solu tion  of the equation 

. dU (t)
d t

with the initial condition  

1/(0) =  1.

(22)

(23)

(24)

The periodicity of & ( t )  allows us to  write the evolu­
tion opera to r U (t) in F loquet form [6] as

U { t ) = P ( t ) e (25)

where P  (t) has the sam e periodicity as i f  (t) and H  is 
the tim e-independent effective H am iltonian.

In the m ultiple-pulse experiments one usually 
chooses tc in such a m anner that e =  \\Jfdd || tc <̂ 1 
(here || 3 tdd || is the norm  of the operator J^dd), so we 
can expand the solu tion  (22) of (13) in a series as 
powers of e. F rom  (23) we have for zeroth approxim a­
tion

. dl/o(0
d t

— 0(t) U0(t), (26)

where j f 0 (?) =  f (r) and

U0(t) = P0( t ) e - itH(O\  (27)

The opera to r P0(t) is the solution of the equation 

. dP0(t)
d t

with the initial condition  

i>o(0) =  l ,  

where H {0) is given by

H (0)= j \ n U 0{tc)

(28)

(29)

=  -  ln {T  exp [ -  i f  dt  (t))]};
tc o

here T  is the D yson tim e-ordering operator.

exp

+ (eJo i - e { 0) e  1>L]

- i - T  X ( e { i - 2 e J00 +  eJu )
6 J

r l2ß(e{ i - e u )

+  ~^= sin ^  e iß [e i<t>L (eJoi -  e { 0)
V 2 2

+  (eJoi ~  eio)] +  cos ^  e ^ ß eJ00

(31)

+  4  I COS - — l i e ~i2ß ê i2<t>L pjeU + e

where A =  a s in 0 L and ß = A t c/ 6. D iagonalization of 
the opera to r (31) gives the effective H am iltonian  in 
zeroth approxim ation

H ,m =  -j- X  [ «  - ß)  i -  2 ß e i 0 -  «  +  ß) e{ j] (32)

with

cos £ =  cos — cos 3 B . 
2

(33)

F o r the sake of simplicity we consider a case when 
A =  0, so (32) takes the form

(34)

The spin operators will be considered in a basis in 
which the H am iltonian  H (0) is diagonal, and it is con­
venient to  expand the operators J f j j c and  ^ / | c (see 
Appendix) as follows:

ypsecJ t u

and

=  / =  0, ± 1 /2 , ± 1 , ± 3 /2 ,  ± 2  (35)
i

(30) jf} s> / = ± i / 2 .
i

Using the unitary transform ation 

U * (t)= P 0+(t)U(t) ,

(36)

(37)
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(13) may be rew ritten as 

. dU*(t)
dt

with the initial condition 

U*( 0) =  1,

(38)

(39)

where
oo /  1/2

^ä*ä(t)=^ss+ Z Z c?Xis e
n =  — ao \ l  = — 1/2

2n ni

2 . 2nni'
+ Z b? J f j j  e~ T  }, (40)

/ =  - 2

( —1)" s in 0,
'  for X = c,b, 0, =  / £ / 2 .

n n + 6 t
(41)

The operators and J^}s satisfy the com m utation  
rules

Q
[ / / (0), J f fc'] = — L ^ i  for k = n  and I S • (42)

U nitary  transform ation

U1(t) = [ \+ C ( t ) ]+ U*(t)

o f (38) gives

d U M ) r 
i ~ ~ 1 = { H e{{ + V(t)} 17,(0,

(43)

(44)

where the effective H am iltonian  w ith accuracy to  e is 

H ef{ = H {0) + H a ) ; (45)
here

1/2
/ / (1) = j f s s + jtrpj +  Z  0, cot Qt j*r}s 

1 =  - 1/2

+  X  0/ cot 0; J4? lu , (46) 
/  =  - 2

and the opera to r C (r) is the solution of the equation 

= [ f l l0l, C ( t ) ] - f l ( l l + ^ 5 ( I )  (47)
at

with the initial condition 

C(0) =  0.

4. Quasi-Equilibrium Magnetization

(48)

Now the order of the tim e-dependent part of the 
right-hand side of (44) is p roportional to  e2 and suffi­
ciently smaller than  the order of interactions inserted

in H e{[, and may be taken into account by m eans of 
perturbation  theory [7]. So one m ay assum e th a t d u r­
ing the time ~  T2 the spin system will reach a quasi­
equilibrium  state [7, 8] with state opera to r

Qeq = l ~  ßeqHef(. (49)

F o r the times ~  T2 we may also neglect the absorp tion  
of r.f. field energy by the spin system and  use the law 
of energy conservation [8]:

S p ( Q  + ( 0 )  ^ e f f )  —  S p  (öeq ^ e f f ) ’

which gives

(50)

M„

M r
=  s i  +  2 S p ( ^ j ) 2

2 Sp {H {0))2 

+  (01/2 c° t  01/2)
2 s p j j r t f H r s 1'2)

+ Z (0/COt0() 
1 =  1/2 s p ( H {0)y

+
S p ( ^ s s ) 2
S p (H w )2

(51 )

where M eq is the quasi-equilibrium  m agnetization  in 
the a axis direction and M 0 is the m agnetization  im ­
mediately after the first pulse. The expression (50) 
shows that the observed quasi-equilibrium  m agnetiza­
tion is not zero but decreases, which m eans th a t for 
the times ~  T2( ~  1/H ^ f^  ||) there is an  energy ex­
change between /-spin  effective Zeem an and  dipole- 
dipole reservoirs of the /-  and S-spin systems [9]. The 
destruction of the /-sp in  m agnetization m ay be con­
siderable if Sp /S p ( H {0))2 > 1 .

F urther evolution of the spin system leads to  the 
decrease of the m agnetization under the influence of 
the tim e-dependent perturbation  V(t).

5. Conclusion

The effective H am iltonian (3) is sim ilar to  one which 
describes the N Q R  Zeem an effect.

The degeneracy of the energy spectrum  is rem oved 
but the spin-spin coupling with surrounding  neigh­
bors is not quenched [10]. The last circum stance m ay 
lead to  shortening of the spin echo decay tim e [11, 12], 
T2, which means tha t the spin-locking effect canno t be 
detected. But there exists the m ethod of continuous 
wave non-resonant irradiation  of the nuclear spin d u r­
ing the multiple-pulse experim ent [13], m aking it pos­
sible to overcome these difficulties.
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101

The secular part of the hom onuclear d ipole-dipole H am ilton ian  can be expanded in secular p art relative 
to  the operator (34), H (0), as

* 1 1  =  Z  y2 rjrk3 {~  i  (1 -  3 cos 0Jk) [2 (eJ01 -  e{0) (ekoi -  e \ 0) +  2 (eJ0l -  e{0) (ek01 -  e \ 0)
ik . . . . . .

+ (eJi i - e h ) t ä i - e u )  + e i l ekn -\-eJn  e ^  + e h  ek10 + e J0i e \ 0 + e[0 ek01 + e (0 ekol\

~  f  sin2 9jk c o s2 (<t>jk - <f>L)[(e{ 1- e Ji i ) (e k11- e \ i ) + e{j e \ j  +  e { i e ku - e J0l ek10 

— eoI e io —e io eoi — e lo ^oll} (^2)

and nonsecular parts

* u 2 = ------ ^~j= e " Z  I/2 Ok3 sin2 °jk sin 2 (<f>Jk-  (f>L)[(e{x -  eJn ) (e kol -  ek10)
4 x /2  ik . . .

+ (e0i - e { 0) ( e \ i - e \ i ) - e { l {ek0l + e \ 0) - ( e J0l + e{0) e \ l ], (53)

* n 1/2 = --------V  e ~i<t>L ^  yl  r^ 3 s in 2  9J* s in  2  ~  ^  l )  ( c o i -  o)4-v/2 ik . .
+ (eJ0i - e i 0) (e ki i - e \ - l ) - e { l (ekl0 + ek0i) - ( e { 0 + e J0l) e \ 1\,  (54)

•* // =  i  e_2i^  Z  y 2 Ofc3 {(! 3 cos 0jk) [(cjji -  e ( 0) (ekoi -  <?*0) -  i ( ^ j  c{0 +  Ho  4 i ) ]
• k

— |  sin2 6jk cos2((f)jk — (pL) (e {0 e^i  +  e J0i ekl0)}, (55)

* i i 1 = \  e ~ 2i^  Z  y2 0"k3 U1 “  3cos0;k)[(^ 1 -  e io ) ( « lo - « o i)  +  \ ( ei i  e io + Ho  ^oi)l 
ik

-  f  sin2 Bjk cos 2 (4>jk -  0L) ( e ^  +  e[0 «& )}, (56)

* i l 2 = ------ V  3i<t>L Z  y2 rjk3 sin2 0Jk sin2 (4>jk -<&.)[(^io +  <?£i) «?*i +  e { ( e koi + ek10)], (57)
4 V 2 ik

* n 312 = ------ e31̂  Z  72 rrk3 sin2 djk sin2 (<t>jk -< k .)[(^'0 +  *oi) « !i +  * ii (*io +  «Si)3> (58)
4 V 2

■#// =  !  e " 4l>L Z  y 2 O k 3 s in2 9Jk c o s  2 (0jk - 4>l) e [ I  e h ,  (59)
ik

*I~I2 =  |  Z  y2 Ok3 sin2 djk c o s2 (</>jk -<&,) <?{ i 4 ’ (60)
ik

The he tero nuclear dipole-dipole H am iltonian  j fr jjc has only the non-secular parts relative to  the opera to r (34)
H (0):

J f ü 1 =  - V  Z  V/ Vs 0»3(W o - « o l) [ ( l  “  3 cos2 (/>**

' J  "  +  (61)

JfVs1'2 =  "4 =  e'*L Z  Vi Vs »)*3H o - * o i ) [ ( 1  -  3 cos2 ej t ) ( p \ i

^  “  - | s m 2 ej t (C- '* » / _ 11+ c '* « p S -* ) ] .  (62)
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