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The behavior of a nuclear spin-1 system with the Hamiltonian including: a) the interaction of the
electric quadrupole moment of nuclei with the axial gradient of the crystal electric field; b) a
homonuclear and heteronuclear dipole-dipole coupling; and c) the interaction with a multiple pulse
radiofrequency field of arbitrary orientation was considered. The effective Hamiltonian is con-
structed by using the Floquet theory. The secular parts of the homonuclear and heteronuclear
dipole-dipole interaction was found and the quasi-equilibrium magnetization was calculated.
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1. Introduction

To obtain the high resolution NMR or NQR spec-
tra and to study slow molecular motions in solids,
various experimental techniques have been developed,
many of which utilize multiple-pulse radio-frequency
(r.f) fields [1,2]. Various theoretical methods have
been used to explain the behavior of a nuclear spin
under multiple-pulse irradiation.

Recently, the multiple-pulse irradiation has been
applied to a polycrystalline sample containing spin-1
nuclei in the axial electric field gradient (EFG) to ob-
serve the long time evolution of the spin system [3].
But the multiple-pulse spin-locking state was not ob-
served in the experiment, which is rather surprising.

To explain this situation, we generalize in the pres-
ent paper, the earlier theoretical consideration [4] to
the case of the spin I =1 system in an axially symmet-
ric EFG.

2. Hamiltonian of the System

Let us consider a crystalline sample containing
spin-1 nuclei and irradiated by the multiple-pulse
spin-locking sequence [1-3]. The total Hamiltonian
of the spin system at times t <7, (the spin lattice
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relaxation time) is given by

HO)=Ho+H g+ H .. (0), 1)
where
#y=3 200121y ®
J

represents in the quadrupole principal axes frame the
interaction of the I-spins quadrupole moment with
the axially symmetric EFG, and the sum is over all
spins of an I species.

Hga=Hss+H 1 +H s (3)

is the dipole-dipole interaction between S—S, I—1,
and I — S spins. J, ¢ (t) defines the interaction between
only I spins and the multiple-pulse r.f. magnetic field

Hor()=2Z o, (t)a I’ cos(wt +¢), @)

where ¢ =0 and o, (t) = a,0(t) for the preparatory
pulseand ¢ =n/2and , () =a X7, (t — (x+ I)t.)
for the remaining pulses, a =yH,t,, H, and ¢, are
amplitude and pulse duration of the r.f. pulses.
a={cos ¢, sinf,, sin¢, sinf,, cosf, }is the unit vec-
tor directed along the r.f. coil axis. Henceforth the
units of y, the gyromagnetic ratio, and eQq/4, the
quadrupole coupling constant, are defined so that
h=1, and energy is expressed in radians/sec.

Using the projection operators ej,, for the spins I
and pj, for spins S =1/2 defined by their matrix ele-
ments <mlej,,.|n> =0,, 0,, and <u|p). . |In>=
8, 0yy Withm,n=0, +1 and y, n = + 1 and commu-
tator correlation [e},,, pk,] =0, the following expres-
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sions of all operators included in J# (t) may be ob-
tained:

Wo j _
— 72(811 2e00+eii), 1=— 1 (5)
J
%SS_Z Z ﬂﬂﬂpﬂﬂp‘lﬂ’ (6)
Jjk pnu'n’

Hi= jZka rﬁf {Ajk(e'lil —elp)(eh—ekp)
+2Bj, [(edo+ €d1) (e§1 + €} o)
+ (edy + edo) (eho + e5o)]
+/2GCulledy —eln) @ho+eby)
+ (edo+ ed1) (e} — €fp)]
2Djk[(e{1_e{I)(el{0+ eto)
+(edy + elo) (e — ek )]
+2Ej (elo+ edg) (el + €bp)
+2F (efy + edo) (e§, + €4o)} Y

f15=jzkz)’lysrj_ks{%Aﬁff(eiil_e{i)(P;«}—Pk-g—%)
ZB,'IkS[(e{O"’e(J;i)Pk—;g*‘(e(j).1+e{o)l’;—%]
+leks[(€1.1 91.1)1’; %
+\[(e o+eo1)(PH pr 1-3)]
+2Djlks[("11_el1)P—H
+/2(edy + efo) (P — P~ 4 -]
+\/§E}Iks(e{0+eéi)1’§—%
+\/§Fjlks(e(§1+e{o)l7k—ﬁ)}’ ®)

H, () =/20,(0) sinb, Y {(e]o+ eby) e
J
+(ed, +ely) e )

2 cosl (e], —ely)} cos(wt+¢),

where w,, is the NQR frequency, 9{,’; . are the matrix

elements of the dipole-dipole Hamiltonian g,

Aj, =1—3cos?0;,,
Bj,=—1(1—3cos?6;,),

Cjy=D}=—2sin20; e "%,
E; =Fj=—23sin6, e 2% 10)
x=FF=—3sin"0;. e s (

6;, and ¢;, are spherical coordinates of the distance r;,
connecting j and k spins.

The dynamics of the spin system will be handled by
the von Neumann equation

dQ()

4 (11)

=[A# (1), e ().
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To solve (11) it proves profitable to carry out the
unitary transformation of all operators used by means
of the operator Q (t) = exp (i o/ t) with
s j i 4
o =5 T (efi—2efo+efy). (12)
J

Inserting ¢(t)=Q " () 3(t) Q (¢) into (11) and omiting
the terms which oscillate rapidly with frequencies w
and 2w we obtain

de()

T =[# ), ()], 13)

where

‘;[(t)=‘}f;1+'idd +3~fr.f.(t), (14)

Y|

Hy= 32(811—2e00+e“) Ad=wy—w.

. (15)

‘;?dd=‘#58+'}?ls+‘}?”’ (16)

jplsic=Z}(:Vzrﬁc3{Ajk(e{1_€{i)(€’{1‘elfi)

J - o
+2Bjk(€foegi+e€)1el{0
+ediebo+eloel)
+2Ejk(e{0€’51+e(’;ie’{0)
+25k(€éxe'{0851+€{oe'61)}, a7

m st ik (‘-’11 ell){ZAjIE(pgi_pk—}—i)

+Ck pi- }+Dk p- H} (18)

H,(.(1)=/2a0sinb, e (elo-+edr)
+e'¢'~(e01+eo)] for the first pulse, (19)
H, i ()=i20,(0)sin6, 3 [e"* (e}, + o)
J
+e " (e);—e],)] for other pulses. (20)

The operators #;° and ;¢ represent the secular
parts of the homonuclear and heteronuclear dipole-
dipole interaction Hamiltonians, respectively,

[y HTE] = [ s K] =0, (1)

3. Effective Hamiltonian
The spin system is assumed to be at equilibrium

before the preparatory pulse. The action of the peri-
odic r.f. field pulses on a spin system consists of the
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preparatory pulse taking the spin system out of equi-
librium and the multiple-pulse sequence. The state
operator g, (0), immediately after the end of the action
of the preparatory pulse forms the initial condition for
(13) [5] which describes the evolution of the spin sys-
tem under the influence of the multiple-pulse periodic
action.
Equation (13) has the formal solution

d=U@®e,OU" (), (22)
where U (¢) is the solution of the equation
.dU () -
i =F@U() (23)
dt
with the initial condition
U(0)=1. (24)

The periodicity of 5 (t) allows us to write the evolu-
tion operator U (¢) in Floquet form [6] as

U(t)=P(t)e *H, (25)

where P (t) has the same periodicity as () and H is
the time-independent effective Hamiltonian.

In the multiple-pulse experiments one usually
chooses t, in such a manner that ¢= Ilfddllt <1
(here || #,,|| is the norm of the operator J,,), so we
can expand the solution (22) of (13) in a series as
powers of &. From (23) we have for zeroth approxima-
tion

i d(ff“) = o) Uo 1), (26)
t
where #,(t) = #,+ #, (t) and
Us(t)=Py(t) e~ 1 @7)

The operator P,(t) is the solution of the equation

dPy(t .
l—dot(—) ={~#A+%r.f.(t)} Po(t)—PO(t)H(O) (28)
with the initial condition

Py (0)=1, -

where H? is given by

HO = LnU,(,)
5 , (30)
- tiln{Texp[—i [ e (H#y+ g (O}
0

c

here T is the Dyson time-ordering operator.
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During the time ¢, of the period, U,(¢,) can be rep-
resented as

A, B
Uo(tc)=exp[—i?2(911—26’60"'9{1)]
J
- €Xp {— L, > [(931—9{0) e'fr

2\/5 j
+(€<’;i—€{o)€_i¢L]}
At " : ’
‘CXP[—i?CZ(eh—zeéoﬂLefi]
j

Z{ (cosz +1> “i20 (ef, —e11)
J

1 .
+— 51n—e"’[e_'¢'~(e0-—e{0)

\/5 2

: : . A
+ €' (e}, — e],)] + cos 5 et ef,

(31

1 A . ' . . ;
+ 5(0055 —1>e"2” (e'*ref + e "2 ef; },

where A =asinf, and f=4t./6. Diagonalization of
the operator (31) gives the effective Hamiltonian in
zeroth approximation

HO =

1 ; s .
TZ€-Peii—2efo—(C+P el  (32)

with

cos £ =cos % cos3p. 33)
For the sake of simplicity we consider a case when
A =0, so (32) takes the form

¢ . ;
H? = I_Z(e{l—e'i’i)-

¢ J

(34)

The spin operators will be considered in a basis in
which the Hamiltonian H? is diagonal, and it is con-
venient to expand the operators J#;5° and J;S° (see
Appendix) as follows:

Hr=Y Ny, 1=0,+1/2, +1, +3/2,+2 = (35)
1
and
K=Y Hls, 1=+1/2. (36)
1
Using the unitary transformation
U*(t)=PF; () U (), (37)
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(13) may be rewritten as

dU*(t 5
i T() ={HO+#} 0} U*@) (38)
with the initial condition
U*(0)=1, (39)
where
- o 12 2o
HHO=Hss+ X (1 2, 2c,".3f,'se te
n=-—ow =-1/
2 _y2mni
+ X b;‘)f,’,e . ), (40)
I1==-2
—1)"sin 6,
g SO =, =122, @1)
nn+0,

The operators #}, and #/s satisfy the commutation
rules

0
[H?, #]]= —t—’ H! for k=II and IS. (42
Unitary transformation
Ui =[1+CO]" U*(1) (43)
of (38) gives
. dU, (1)
ld—lt ={H +V(t)} U, (¢), (44)

where the effective Hamiltonian with accuracy to ¢ is

H=HO +HO; (45)
here
1/2
HY =Hs+H#5+ Y 6,cotb, #s
1=-1/2
2
+ 3 6,coth A}, (46)

1=-2
and the operator C(¢) is the solution of the equation

; dC(r)

& [H®, C@0)] —H® + #%(1) (47)
with the initial condition
C(0)=0. (48)

4. Quasi-Equilibrium Magnetization

Now the order of the time-dependent part of the
right-hand side of (44) is proportional to &? and suffi-
ciently smaller than the order of interactions inserted
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in H, and may be taken into account by means of
perturbation theory [7]. So one may assume that dur-
ing the time ~ T, the spin system will reach a quasi-
equilibrium state [7, 8] with state operator

Qeq =1—ﬁequff'

For the times ~ T, we may also neglect the absorption
of r.f. field energy by the spin system and use the law
of energy conservation [8]:

(49)

Sp(2+(0) Hege) = Sp(Qeq Hegr)s (50)
which gives
M Sp(A#5)?
€q _ 1 & 2 p( I:)) 5
M, 25p(H®)
Sp (9flls/2 Hl_sl/z)
+(6;, cot 0,)2)° W
2 Sp (flll HI—II)
0,cotf)y —=—~
* 50 g oy
Sp(#ss)* ! 51
T (51)

where M is the quasi-equilibrium magnetization in
the a axis direction and M, is the magnetization im-
mediately after the first pulse. The expression (50)
shows that the observed quasi-equilibrium magnetiza-
tion is not zero but decreases, which means that for
the times ~T,(~1/|#,,|) there is an energy ex-
change between I-spin effective Zeeman and dipole-
dipole reservoirs of the I- and S-spin systems [9]. The
destruction of the I-spin magnetization may be con-
siderable if Sp #% /Sp(H?)?* > 1.

Further evolution of the spin system leads to the
decrease of the magnetization under the influence of
the time-dependent perturbation V(t).

5. Conclusion

The effective Hamiltonian (3) is similar to one which
describes the NQR Zeeman effect.

The degeneracy of the energy spectrum is removed
but the spin-spin coupling with surrounding neigh-
bors is not quenched [10]. The last circumstance may
lead to shortening of the spin echo decay time [11, 12],
T,, which means that the spin-locking effect cannot be
detected. But there exists the method of continuous
wave non-resonant irradiation of the nuclear spin dur-
ing the multiple-pulse experiment [13], making it pos-
sible to overcome these difficulties.
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Appendix

The secular part of the homonuclear dipole-dipole Hamiltonian #;¢° can be expanded in secular part relative
to the operator (34), H'?, as

Hp = Z y? rj;3 _%(1 —3cos Bjk)[z (ed, — 9{0) (e6i—€ro) + 2(e(1;i —efo) (eh, — €¥o)
U (el e) @ ek +efy ek elr ey by eho+ eds ekor+ eo cby+efo el
- % sin? ejk C052(¢jk—¢1.) [(3{1 _e{I)(e’{I_e’i‘i) +e{1 e'l‘i+e{1 9%1_951 e'{o
—eliefo—efo e —elo esil} (52)

and nonsecular parts

3 = . . z ;
%111/2 =5 4\/5 g ); 72 rjk3 sin? 0jk Sln2(¢jk— o) (e, — e%i)(eﬁi = elfo)
i (eéi = 9{0) (e‘h - e’fi) - 6{1 (3’61 + eli‘o) == (3(1;1 + e{o) e’{i], (53)
_ 3 = o . . .
Hir 2= 4./ e Tyt rjk3 sin’ Ojk sin 2(dy— @) [(ef, — ef1)(eg1— efo)
ik . . ) y i
+ (€01 — €10) (31{1 - e’i‘i) —€ly (elfo‘*‘ egi) —(efo+€p1) e‘fl]a (54)
%111 = % ¢ 2o Zk: ?2 "ﬁcs {(1 —3cos ejk)[(eél - e{o) (851 - e‘fo) = %(eéi e’{0+ e{o e’(;i)]
—%sinz Ojk cosz(‘l’jk-d’L)(e{o egi*‘egi el{o)}, (55
H11 1= % g~ Zk: P2 rj7¢3 {(1 —3cos ejk) [(eél = e{o) (elfo_ e(‘;l) + %(egl e)i‘O + e%o el(;l)]
—%sinz ejk 9052(¢jk_¢L)(e£1 e’i‘o*‘e{o e’(;l)}’ (56)
3 — . ‘ . ‘
‘#131/2 =———e¢ 3y y? rjk3 sin? ij sin? (d),k — @) l(efo+€p1) e’fi +ei; (eSi s e'fo)], (57)
4\/5 ik
- 3 . e ! i . .
Hi1 M= —— iy y? rjk3 sin’ 0jk sin? (¢,k — ) l(efo+eo1) e’fl +ef, (eli(o + efu)], (58)
4\/5 ik
Hi=3e 40 Zk y? 1> sin? 6, cos 2(¢y — ) el i1, (59)
Hp¥=3H0 Zk y? 1> sin? 6;, cos 2 (¢, — Py ) ed ek ;. (60)

The heteronuclear dipole-dipole Hamiltonian J#;¢° has only the non-secular parts relative to the operator (34)
H(O)Z

i U
”115/2 = ﬁ g §. Yi7s rjk3(e'1’o_ e(’)i) [(A-3 cos? 9;1;)(}’25 —Pk—i—g)
—3sin 20, (e p* 4+ e ¥ pi_ )] (61)
- 5 3 s ‘
'}fls”2 = ﬁ & Zk Y17s rjk3(efo- ep)[(1-3 cos? Bjk)(P;i _Pk—é-%)
— 3s5in26;, (e pk , + ' pi_ ). (62)
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